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Abstract 

We say that L is a Lie derivable mapping at G from an algebra A  into itself, if 

[ ]( ) ( )[ ] ( )[ ]BLABALBAL ,,, +=  for any A∈BA,  with .GAB =  Let 





=

BN
MA

U  be a generalized matrix algebra. In this paper, we prove that if 

L is a Lie derivable mapping at 0 ( )0.,resp ⊕AI  from U  into itself, then L can 

be expressed as the sum of a derivation of U  and a linear mapping with image in 
the center vanishing at commutators [ ] ,, TS  where U∈TS,  with 0=ST  

( ) .0.,resp ⊕= AIST  

1. Introduction 

Let R  be a unital ring and A  be a unital R -algebra. A linear 
mapping δ  from A  into itself is called a derivation, if ( ) ( ) +δ=δ yxxy  

( )yxδ  for any ., A∈yx  A linear mapping L from A  into itself is called a 

Lie derivation, if [ ]( ) ( )[ ] ( )[ ]yLxyxLyxL ,,, +=  for any ,, A∈yx  where 
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[ ] yxxyyx −=,  is the usual Lie product. The questions of characterizing 

Lie derivations and revealing the relationship between Lie derivations 
and derivations have attracted some authors' attention. In [9], Mathieu 

and Villena proved that every linear Lie derivation on a ∗C -algebra can 
be decomposed into the sum of a derivation and a center-valued trace. For 
other results, see [1, 3, 4, 6, 7, 10] and the references therein. 

Recently, there have been a number of papers on the study of 
conditions under which derivations on algebras can be completely 
determined by their action on some subsets of elements (for example, see 
[2, 5, 12] and the references therein). We say that L is a Lie derivable 
mapping at G from A  into itself, if [ ]( ) ( )[ ] ( )[ ]BLABALBAL ,,, +=  for 

any A∈BA,  with .GAB =  In [8], Lu and Jing first studied the local 

actions of Lie derivations and showed that if L is a Lie derivable mapping 
at 0 (resp., a fixed nontrivial idempotent P ) from ( )XB  into itself, then L 

can be expressed as the sum of a derivation of ( )XB  and a linear 

mapping with image in the center vanishing at commutators [ ],, BA  

where ( )XBBA ∈,  with ( )..,resp0 PABAB ==  

Let R  be a unital ring. A Morita context is a set ( )NMBA ,,,  and 

two mappings φ  and ,ϕ  where A  and B  are two R -algebras, M  is an 

( )BA, -bimodule, and N  is a ( )AB, -bimodule. The mappings BM ⊗φ :  

AN →  and BMN A →⊗ϕ :  are two bimodule homomorphisms 

satisfying the following associativity: ( ) ( )MNMMNM ′⊗ϕ=′⊗φ  and 

( ) ( ),NMNNMN ′⊗φ=′⊗ϕ  for all M∈′MM ,  and ., N∈′NN  These 

conditions insure that the set 

,,,,






 ∈∈∈∈



=



 BNMA

BN
MA

BNMA
BN
MA  

form an R -algebra under usual matrix operations. We call such an                 

R -algebra a generalized matrix algebra and denoted by ,



=

BN
MA

U  
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where A  and B  are two unital algebras and at least one of the two 
bimodules M  and N  is distinct from zero. This kind of algebra was first 
introduced by Sands in [11]. Obviously, when 0=M  or UN ,0=  

degenerates to the triangular algebra. We denote AI  the unit element in 

BA I,  the unit element in ,B  and BA ⊕  the element 





B
A
0

0  in .U  

The purpose of this paper is to consider the local actions of Lie derivations 
of generalized matrix algebras. We prove that if L is a Lie derivable 
mapping at 0 ( )0.,resp ⊕AI  from U  into itself, then L can be expressed 

as the sum of a derivation of U  and a linear mapping with image in the 
center vanishing at commutators [ ],, TS  where U∈TS,  with 

( ).0.,resp0 ⊕== AISTST  

In this paper, the center of an algebra A  is denoted by ( ).AZ  Given 

a generalized matrix algebra ,



=

BN
MA

U  we define two natural 

projections AUA →π :  and BUB →π :  by 

.and B
BN
MA

A
BN
MA

=











π=












π BA  

Given an integer ,2≥n  we say that the characteristic of an algebra 

A  is not n, if for every 0, =∈ nAA A  implies .0=A  In this paper, we 

always assume that the characteristic of U  is not 2. 

2. Lie Derivable Mapping at Zero-Product Elements 

We call a left (resp., right) A -module M  is faithful, if for any A∈A  
and ( )0.,resp0, ==∈ MAAMM M  implies .0=A  In this section, we 
study the Lie derivable mapping at zero-product elements. Our main 
result is the following: 
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Theorem 2.1. Let 



=

BN
MA

U  be a generalized matrix algebra 

and L be a Lie derivable mapping at 0 from U  into itself. Suppose that 
( ) ( )( ) ( ) ( )( ),, UBUA BA ZZZZ π=π=  and one of the following conditions 

holds: 

(1) M is a faithful left A -module and a faithful right B -module; 

(2) M is a faithful left A -module and N is a faithful left B -module; 

(3) N is a faithful right A -module and M is a faithful right B -module; 

(4) N is a faithful right A -module and a faithful left B -module. 

Then L can be expressed as ,h+δ  where δ  is a derivation on ,U  and 
( )UU Zh →:  is a linear mapping, vanishing at commutators [ ],, TS  

where U∈TS,  with .0=ST  

Since L is linear, for any ,,, NMA ∈∈∈ NMA  and ,B∈B  we 
may write 















BN
MA

L  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

,
2222222221212121

1212121211111111






++++++
++++++

=
NdMcBbAaNdMcBbAa

NdMcBbAaNdMcBbAa  

where ,,, ijijij cba  and ijd  are linear mappings, { }.2,1, ∈ji  

To prove Theorem 2.1, we first show a lemma and two propositions. 

Lemma 2.2. Let 



=

BN
MA

U  be a generalized matrix algebra 

and L be a Lie derivable mapping at 0 from U  into itself. Then 















BN
MA

L  

( ) ( ) ( )
( ) ( ) ( )

,
2200220210

0120110011






+++−+

−++−−
=

BbNMMNAaBNNdAN
BMMcAMBbNMMNAa
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where ,, 00 NNMM ∈∈  and ( ),:,:,: 222211 BABBAA Zaba →→→  

( )AB Zb →:11  are all linear mappings satisfying 

 ( ) ( ) ( ) ( ),22111212 AMaMAaMAcAMc −+=  

( ) ( ) ( ) ( ) ,11221212 MBbBMbBMcMBc −+=  

( ) ( ) ( ) ( ) ,22112121 NAaANaANdNAd −+=  

      ( ) ( ) ( ) ( ),11222121 BNbNBbNBdBNd −+=  

 ( ) ( ) ( ) ( ),11211211 NMbNMdNMcMNa ++=  

 ( ) ( ) ( ) ( ).22211222 MNaMNdMNcNMb ++=  

Proof. We prove the lemma by two steps: 

Step 1. For any ,,,, 21 BMA ∈∈∈ BMMA  let 



=

00
1MA

S  

and .
0
0 2





=

B
M

T  Then 0=TS  and 

( ) ( )
( ) ( )





++
++

BMAMcBMAMc
BMAMcBMAMc

12221221

12121211  

  [ ]( ) ( )[ ] ( )[ ]TLSTSLTSL ,,, +==  

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) 











++
++

=
B

M
McAaMcAa
McAaMcAa

0
0 2

1222212121

1121211111  

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )





++
++





−

1222212121

11212111112
0
0

McAaMcAa
McAaMcAa

B
M

 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )





++
++





+

BbMcBbMc
BbMcBbMcMA

2222221221

12212112111
00

 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

.
00

1

2222221221

1221211211












++
++

−
MA

BbMcBbMc
BbMcBbMc
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The above matrix equation implies the following four equations: 

( ) ( ) ( ) ( ) ( )BbMMcMBAbMAcBMAMc 2112211112111211 +++=+   

( ) ( ) ( ) ( ) ,112111212212 ABbAMcMcMAaM −−−−  

(2.1) 

 ( ) ( ) ( ) ( ) ( )BMcBAaMMcMAaBMAMc 1121221112111212 +++=+  

( ) ( ) ( ) ( )BbMMcMBAbMAc 221222112212 ++++  

( ) ( ) ( ) ( ) ,11112111222222 MBbMMcMcMAaM −−−−  

(2.2) 

( ) ( ) ( ) ( ) ( ) ,21221121211221 ABbAMcMBcABaBMAMc −−−−=+  (2.3) 

( ) ( ) ( ) ( ) ( )BMcBAaMMcMAaBMAMc 1222221212211222 +++=+  

( ) ( ) ( ) ( ) .121122112222 MBbMMcMBcABa −−−−  

(2.4) 

Taking 021 == MM  in (2.1)-(2.4), we have 

[ ( )] [ ( ) ] ,0,,0, 2211 == BAaBbA   (2.5) 

 ( ) ( ),1212 BAbBAa −=   (2.6) 

 ( ) ( ) ,2121 ABbABa −=   (2.7) 

for every A∈A  and every .B∈B  By (2.5), we have 

( ) ( ) ( ) ( ),and 2211 BA ZAaZBb ∈∈   (2.8) 

for every A∈A  and every .B∈B  Taking AIA =  and BIB =  in (2.6), 

we have ( ) ( ).1212 BA IbIa −=  Let ( ).120 AIaM =  Then taking AIA =  

and BIB =  in (2.6), respectively, we obtain 

( ) ( ) ,and 012012 BMBbAMAa −==   (2.9) 
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for every A∈A  and every .B∈B  Similarly, let ( ) ,021 NIa =A  by (2.7), 

we obtain 

( ) ( ) ,and 021021 BNBbANAa −==   (2.10) 

for every A∈A  and every .B∈B  

Taking 0=B  and 01 =M  in (2.2)-(2.4), we have 

( ) ( ) ( ) ( ),22111212 AMaMAaMAcAMc −+=   (2.11) 

( ) ( ) ,2121 AMcAMc −=   (2.12) 

( ) ( ) ,2122 MAaAMc =   (2.13) 

for every A∈A  and every .M∈M  Since char ( ) ,2≠U  by taking 

AIA =  in (2.12) and (2.13), we obtain 

( ) ( ) ,and0 02221 MNMcMc ==  (2.14) 

for every .M∈M  Similarly, by (2.1) and (2.2), we obtain 

( ) ( ) ( ) ( ) ,11221212 MBbBMbBMcMBc −+=   (2.15) 

  ( ) ,011 MNMc −=   (2.16) 

for every B∈B  and every .M∈M  

Symmetrically, by considering 



=

BN
S

1

00
 and =T ,

02
0





N
A  we 

arrive at 

( ) ( ) ( ) ,,0, 02212011 NMNdNdNMNd ==−=   (2.17) 

( ) ( ) ( ) ( ) ,22112121 NAaANaANdNAd −+=   (2.18) 

( ) ( ) ( ) ( ),11222121 BNbNBbNBdBNd −+=   (2.19) 

for every ,A∈A  every ,B∈B  and every .N∈N  
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Step 2. For any M∈M  and ,N∈N  let 



 −

=
00
MMN

S  and 

.
0
0




=

N
I

T A  Then 0=ST  and 

( ) ( ) ( )

( ) ( ) ( )











−+−++

+−−−+
−

NMbNMNMMNMNaNMNNMNdMNN

NMMMcMNMNMbNMNMMNMNa

2200220210

0120110011  

[ ]( ) ( )[ ] ( )[ ]TLSTSLTSL ,,, +==  

( ) ( )
( ) 











−

−+
=

0
0

0220

120011
N
I

MNMNaMNN
McMNMMNMNa A  

( ) ( )
( ) 





−

−+




−

MNMNaMNN
McMNMMNMNa

N
I

0220

120011
0
0A  

( )
( ) ( ) 








++

−




 −

+
022210

0011
00 NMIaNdN

MNMIaMMN
A

A  

( )
( ) ( )

.
00022210

0011




 −









++

−
−

MMN
NMIaNdN

MNMIa
A

A  

The above matrix equation implies 

( ) ( ) ( ) ( )NMbNMdNMcMNa 11211211 ++=  

( ) ( ),1111 AA IMNaMNIa −+  (2.20) 

( ) ( ) ( ) ( ).22211222 MNaMNdMNcNMb ++=  (2.21) 

By (2.11) and (2.18), ( ) ( ) ( ) ( )AMaMAaMAcAMc 22111212 −+=  and 

( ) ( ) ( ) ( ) .22112121 NAaANaANdNAd −+=  Taking AIA =  leads to 

( ) ( )AA IMaMIa 2211 =  and ( ) ( ) .2211 NIaINa AA =  So ( ) =AIMNa11  

( ) ( )MNIaNIMa AA 1122 =  and hence (2.20) can be abbreviated to 

( ) ( ) ( ) ( ).11211211 NMbNMdNMcMNa ++=   (2.22) 

By (2.8)-(2.11), (2.14)-(2.19), (2.21), and (2.22), the proof is complete. 

  
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The center ( )UZ  of 



=

BN
MA

U  is of the form given in the 

proposition below, and since the proof is analogous to that of                   
[3, Proposition 3], we omit it. 

Proposition 2.3. The center of 



=

BN
MA

U  is 

( ) { ( ) ( ) ,,,: MBAMZBZABAZ =∈∈⊕= BAU  

 }.,, NM ∈∀∈∀= NMBNNA  

Furthermore, if one of the following conditions holds: 

(1) M is a faithful left A -module and a faithful right -B module; 

(2) M is a faithful left A -module and N is a faithful left -B module; 

(3) M is a faithful right -B module and N is a faithful right 

-A module; 

(4) N is a faithful left -B module and a faithful right -A module. 

Then there exists a unique isomorphism τ  from ( )( )UB Zπ  to ( )( )UA Zπ  

such that ( ) MBMB =τ  and ( ) BNBN =τ  for any ,, MB ∈∈ MB  and 

.N∈N  

The proof of the proposition below concerning the structure of 
derivations on U  is standard and we omit it. 

Proposition 2.4. A linear mapping δ  on 



=

BN
MA

U  is a 

derivation, if and only if it is of the form 

( ) ( )
( ) ( )

,
00222100

12000011






+++−

+−−−
=












δ

NMMNBbNdBNAN
McBMAMNMMNAa

BN
MA  

where ,, 00 MN ∈∈ MN  and ,:,:,: 122211 MMBBAA →→→ cba  

NN →:21d  are linear mappings satisfying 
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(1) 11a  is a derivation on ( ) ( ) ( )MAcMAaAMc 121112, +=A  and 

( ) ( ) ( ) ;211121 ANdANaNAd +=  

(2) 22b  is a derivation on ( ) ( ) ( )BMcBMbMBc 122212, +=B  and 

( ) ( ) ( );212221 NBdNBbBNd +=  

(3) ( ) ( ) ( ) ( ) ( ) +=+= MNdNMbandNMdNMcMNa 2122211211   

( ).12 MNc  

Now, we are in a position to prove our main theorem. 

Proof of Theorem 2.1. From Lemma 2.2, it follows that for any 
,,, NMA ∈∈∈ NMA  and :B∈B  















BN
MA

L  

( ) ( ) ( )
( ) ( ) ( )

,
2200220210

0120110011






+++−+

−++−−
=

BbNMMNAaBNNdAN
BMMcAMBbNMMNAa

 

where MM ∈0  and .0 NN ∈  

We assume that (1) holds. The proofs for the other cases are 
analogous. 

By Lemma 2.2, ( ) ( ) ( )( ),22 UB B ZZAa π=∈  since M is both a faithful 

left A -module and a faithful right B -module, by Proposition 2.3, there 
exists a unique isomorphism ( )( ) ( )( )UU AB ZZ π→π:τ  such that 

( ( )) ( ) ( ( )) ( ) .and 22222222 NAaAaNAMaMAa == ττ  

Similarly, since ( ) ( ) ( )( ),11 UA A ZZBb π=∈  we have 

( ( )) ( ) ( ) ( ( )).and 11
1

111111
1 BbMMBbBNbNBb −− == ττ  

Let 22al τ=A  and .11
1 bl −= τB  We have ( ) ( ),22 AMaMAl =A  

( ) ( ) ( ) ( ),, 1122 BNbNBlNAaANl == BA  and ( ) ( ).11 BMlMBb B=  Let 

=′11a Ala −11  and .2222 Blbb −=′  Then 
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( ) ( )
( ) ( )

,
22000210

01200011






′++−+

−+−−′
=














BbNMMNBNNdAN
BMMcAMNMMNAa

BN
MA

L  

 
( ) ( )

( ) ( )
.

0
0

22

11








+

+
+

BlAa
BbAl

B

A  

Let 

( ) ( )
( ) ( )

,
22000210

01200011






′++−+

−+−−′
=












δ

BbNMMNBNNdAN
BMMcAMNMMNAa

BN
MA

 

and 

( ) ( )
( ) ( )

.
0

0
22

11








+

+
=














BlAa
BbAl

BN
MA

h
B

A  

We claim that δ  is a derivation on U  and ( )UU Zh →:  is a linear 

map, vanishing at commutators [ ]TS,  with .0=ST  

Claim 1. By Lemma 2.1, for any A∈A  and ,M∈M  

( ) ( ) ( ) ( )AMaMAaMAcAMc 22111212 −+=  

( ) ( ) ( )MAlMAaMAc A−+= 1112  

( ) ( ) ,1112 MAaMAc ′+=  

( ) ( ) ( ) ( )NAaANaANdNAd 22112121 −+=  

( ) ( ) ( )ANlANaANd A−+= 1121  

( ) ( ).1121 AaNANd ′+=  

So for any A∈21, AA  and ,M∈M  

( ) ( ) ( ) ,211112212112 MAAaMcAAMAAc ′+=  

( ) ( ) ( )MAcAMAAaMAAc 212121112112 +′=  

( ) ( ) ( ) .211112212111 MAaAMcAAMAAa ′++′=  
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So ( ( ) ( ) ( )) .0211121112111 =′−′−′ MAaAAAaAAa  Since M  is a faithful 

left A -module, we have 11a′  is a derivation. Similarly, one can show that 

( ) ( ) ( ) ( ) ( ) ( ),, 212221221212 NBdNBbBNdBbMBMcMBc +′=′+=  and 22b′  

is a derivation. 

Since A∈MN  and ,B∈NM  we have 

( ) ( ) ( ) ( )MNMaMMNaMMNcMNMc 22111212 −+=  

 ( ) ( ) ( )MNMdNMMcMMNc 211212 ++=  

( ) ( ),2211 MNMaMNMb −+  

( ) ( ) ( ) ( )MNMbNMMbNMMcMNMc 11221212 −+=  

( ) ( ) ( )MNMdMMNcNMMc 211212 ++=  

( ) ( ) .1122 MNMbMNMa −+  

So ( ) ( ) .1122 MNMbMNMa =  On the other hand, ( ) AlMNMa =22  

( ) .MMN  Hence ( ) ( )MNlNMb A=11  and ( ) ( ) 211211 MdNMcMNa +=′  

( ).N  Similarly, one can show that ( ) ( ) ( ) .211222 MNdMNcNMb +=′  By 

Proposition 2.4, δ  is a derivation. 

Claim 2. It is easy to show that h is a linear mapping with its image 
in ( ).UZ  Then for U∈TS,  with ,0=ST  we have 

[ ]( ) [ ]( ) [ ]( ) ( )[ ] ( )[ ]TLSTSLTSLTShTS ,,,,, +==+δ  

( )[ ] ( )[ ] ( )[ ] ( )[ ]ThSTShTSTS ,,,, ++δ+δ=  

( )[ ] ( )[ ].,, TSTS δ+δ=  

Hence [ ]( ) .0, =TSh  This concludes the proof.   

Obviously, when U,0=N  degenerates to an upper triangular 

algebra. Thus, we have the following corollary: 
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Corollary 2.5. Let ( )BMAU ,,Tri=  be a triangular algebra, where 
M  be a faithful left A -module and a faithful right B -module. If L is a 
Lie derivable mapping at 0 from U  into itself and ( ) ( )( ),UA A ZZ π=  
( ) ( )( ),UB B ZZ π=  then L can be expressed as ,h+δ  where δ  is a 

derivation on U  and ( )UU Zh →:  is a linear mapping, vanishing at 
commutators [ ]TS,  with .0=ST  

3. Lie Derivable Mapping at 0⊕AI -Product Elements 

In this section, we study the Lie derivable mapping at 0⊕AI -
product elements. 

Theorem 3.1. Let 



=

BN
MA

U  be a generalized matrix algebra. 

Suppose that for every ,A∈A  there exists an integer n such that 
AnI −A  is invertible in .A  If L is a Lie derivable mapping at 0⊕AI  

from U  into itself, ( ) =AZ ( )( ) ( ) ( )( ),, UBU BA ZZZ π=π  and one of the 
following conditions holds: 

(1) M is a faithful left -A module and a faithful right -B module; 

(2) M is a faithful left -A module and N is a faithful left -B module; 

(3) M is a faithful right -B module and N is a faithful right                       
-A module; 

(4) N is a faithful left -B module and a faithful right -A module. 

Then L can be expressed as ,h+δ  where δ  is a derivation on ,U  and 
( )UU Zh →:  is a linear mapping, vanishing at commutators [ ],, TS  

where U∈TS,  with .0⊕= AIST  

To prove Theorem 3.1, we first show a lemma. 

Lemma 3.2. Let 



=

BN
MA

U  be a generalized matrix algebra. 

Suppose that for every ,A∈A  there exists an integer n such that 
AnI −A  is invertible in .A  If L is a Lie derivable mapping at 0⊕AI  

from U  into itself, then 
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













BN
MA

L  

( ) ( ) ( )
( ) ( ) ( )

,
2200220210

0120110011






+++−+

−++−−
=

BbNMMNAaBNNdAN
BMMcAMBbNMMNAa

 

where ,, 00 NNMM ∈∈  and ( ),:,:,: 222211 BABBAA Zaba →→→  

( )AB Zb →:11  are all linear mappings satisfying: 

   ( ) ( ) ( ) ( ),22111212 AMaMAaMAcAMc −+=  

( ) ( ) ( ) ( ) ,11221212 MBbBMbBMcMBc −+=  

   ( ) ( ) ( ) ( ) ,22112121 NAaANaANdNAd −+=  

 ( ) ( ) ( ) ( ),11222121 BNbNBbNBdBNd −+=  

  ( ) ( ) ( ),11211211 NMbMdNMcMNa ++=  

  ( ) ( ) ( ) ( ).22211222 MNaMNdMNcNMb ++=  

Proof. We prove the lemma by several steps. 

Step 1. For any A∈21, AA  with AIAA =21  and B∈21, BB  with 

,021 =BB  let 




=
1

1
0

0
B

A
S  and .

0
0
2

2





=
B

A
T  Then 0⊕= AIST  

and 

([ ]) ([ ]) ([ ]) ([ ])
([ ]) ([ ]) ([ ]) ([ ])





++
++

2122212221212121

2112211221112111
,,,,
,,,,

BBbAAaBBbAAa
BBbAAaBBbAAa

 

[ ]( ) ( )[ ] ( )[ ]TLSTSLTSL ,,, +==  

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) 











++
++

=
2

2

122122121121

112112111111
0

0
B

A
BbAaBbAa
BbAaBbAa

 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )





++
++






−
122122121121

112112111111

2

2
0

0
BbAaBbAa
BbAaBbAa

B
A

 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )





++
++





+

222222221221

212212211211

1

1
0

0
BbAaBbAa
BbAaBbAa

B
A
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( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

.
0

0
1

1

222222221221

212212211211












++
++

−
B

A
BbAaBbAa
BbAaBbAa

 

The above matrix equation implies the following four equations: 

([ ]) ([ ])21112111 ,, BBbAAa +  

[ ( ) ] [ ( ) ] [ ( )] [ ( )],,,,, 2111211121112111 BbAAaAABbAAa +++=  (3.1) 

([ ]) ([ ])21122112 ,, BBbAAa +  

( ) ( ) ( ) ( )1122112221122112 BbAAaABBbBAa −−+=  

( ) ( ) ( ) ( ) ,1212121221212121 BBbBAaBbAAaA −−++  (3.2) 

([ ]) ([ ])21212121 ,, BBbAAa +  

( ) ( ) ( ) ( )1212121221212121 BbBAaBABbAAa −−+=  

( ) ( ) ( ) ( ) ,1221122122112211 ABbAAaBbBAaB −−++  (3.3) 

([ ]) ([ ])21222122 ,, BBbAAa +  

[ ( ) ] [ ( ) ] [ ( )] [ ( )].,,,, 2221222121222122 BbBAaBBBbBAa +++=  (3.4) 

Taking 021 == BB  in (3.1)-(3.4), we obtain 

([ ]) [ ( ) ] [ ( )],,,, 211121112111 AaAAAaAAa +=  

([ ]) ( ) ( ),, 112221212112 AaAAaAAAa −=  

([ ]) ( ) ( ) ,, 122121212121 AAaAAaAAa −=  

([ ]) ,0, 2122 =AAa  

for any A∈21, AA  with .21 AIAA =  Hence, by taking 02 =B  in    

(3.1)-(3.4), we have 

( ) ( ) ( ) ( ) ,and 222222112211 BAaABaBbAABb ==  

( ) ( ) ( ) ( ),and 221221212122 ABaABbBAaBbA −=−=  
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for any .B∈B  Note that the above equations are true for all invertible 
elements in .A  Since for every ,A∈A  there exists an integer n such 
that AnI −A  is invertible in ,A  we have 

( ) ( ) ( ) ( ) ,and 22221111 BAaABaBAbABb ==   (3.5) 

( ) ( ) ( ) ( ),and 21211212 ABaABbBAaBAb −=−=   (3.6) 

for any A∈A  and .B∈B  

By (3.5), we have ( ) ( )AZBb ∈11  for any B∈B  and ( ) ( )BZAa ∈22  

for any .A∈A  

By (3.6), let ( )AIaM 120 =  and ( ),210 AIaN =  we have 

( ) ( ) ( ) ANAaBMBbAMAa 021012012 ,, =−==  

and 

 ( ) ,021 BNBb −=  (3.7) 

for any A∈A  and .B∈B  

Step 2. For any A∈21, AA  with AIAA =21  and ,M∈M  let   

=S  





00
1 MA  and .

00
02




=
A

T  Then 0⊕= AIST  and 

([ ]) ( ) ([ ]) ( )
([ ]) ( ) ( ) 





−−
−−

MAcMAcAAa
MAcAAaMAcAAa

2222212121

21221122112111
,

,,
 

[ ]( ) ( )[ ] ( )[ ]TLSTSLTSL ,,, +==  

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) 











++
++

=
00
02

2212221121

1211211111 A
McAaMcAa
McAaMcAa

 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )





++
++





−

McAaMcAa
McAaMcAaA

2212221121

12112111112
00
0

 

( ) ( )
( ) ( )









+

222221

2122111
00 AaAa

AaAaMA
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( ) ( )
( ) ( )

.
00

1

222221

212211











−
MA

AaAa
AaAa

 

The above matrix equation implies the following four equations: 

( ) [ ( )] ( ),, 221112211 AMaMcAMAc −=   (3.8) 

( ) ( ) ( ) ( ) ,211222122212 MAaAMaMcAMAc +−=   (3.9) 

( ) ( ) ,221221 AMcMAc −=   (3.10) 

( ) ( ) ,221222 MAaMAc =   (3.11) 

for any .M∈M  By choosing AIA =2  in (3.8), (3.10), and (3.11), we 

have 

( ) ( ) ( ) ,and,0, 02221011 MNMcMcMNMc ==−=   (3.12) 

for any .M∈M  Note that the Equation (3.9) is true for any invertible 
element in .A  Since for every ,A∈A  there exists an integer n such that 

AnI −A  is invertible, we have that 

( ) ( ) ( ) ( ) ,11221212 MAaAMaMAcAMc +−=   (3.13) 

for any A∈A  and .M∈M  

Symmetrically, by considering 



=

00
01A

S  and 



=

0
02

N
A

T  

with ,21 AIAA =  we arrive at 

  ( ) ( ) ( ) ,and,0, 02212011 NMNdNdNMNd ==−=   (3.14) 

 ( ) ( ) ( ) ( ),11222121 ANaNAaANdNAd +−=   (3.15) 

for any A∈A  and .N∈N  

Step 3. For any M∈M  and ,B�∈B  let 



 −

=
00
MI

S A  and 

.
0 



=

B
MBI

T A  Then 0⊕= AIST  and 
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( ) [ ]( ) ( )[ ] ( )[ ]TLSTSLTSL
Mc

,,,12 +==





∗∗
∗  

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ,1111222212

22121211

















∗∗
++−−+

−+−∗
= MBbMIaBMbIMaMBc

IMBaMcBMcMBIa
AA

AA

 

where ∗  denotes the omitted matrix element. 

It follows that 

( ) ( ) ( ) ( ) ( )AIMBaBMbMBbBMcMBc 2222111212 ++−=  

 ( ) ( ) ( ) ,112211 MIaIMaMBIa AAA −+−  

for every B�∈B  and every .M�∈M  Taking AIA =  in (3.13) gives 

( ) ( ) .1122 MIaIMa AA =  Hence 

( ) ( ) ( ) ( ),22111212 BMbMBbBMcMBc +−=   (3.16) 

for every B∈B  and every .M∈M  

Symmetrically, by considering 



=

BBN
I

S
0A  and 




−

=
0
0

N
I

T A  

with ,21 AIAA =  we arrive at 

( ) ( ) ( ) ( ),11222121 BNbNBbNBdBNd −+=   (3.17) 

for every ∈B A  and every .N∈N  

Step 4. For any M∈M  and ,N∈N  let 



 −+

=
00
MMNI

S A  

and .
0
0




=

N
I

T A  Then 0⊕= AIST  and 

( ) ( )
( )

( ) ( )
( ) 


















−+
+−+++

−−
+−−+

−

NMbNMNM
NMMNMNaNMNNMNNdMNN

NMbNMNM
NMMMcMNMNMMNMNa

220

00220210

110

01200011
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[ ]( ) ( )[ ] ( )[ ]TLSTSLTSL ,,, +==  

( ) ( )
( ) 













−++

−+++
=

0
0

02200

1200011
N
I

MNMNIaMNNN
McMNMMMNMNIa A

A

A  

( ) ( )
( ) 








−++

−+++




−

MNMNIaMNNN
McMNMMMNMNIa

N
I

02200

1200011
0
0

A

AA  

( )
( ) ( ) 








++

−




 −+

+
022210

0011
00 NMIaNdN

MNMIaMMNI
A

AA  

( )
( ) ( )

.
00022210

0011




 −+









++

−
−

MMNI
NMIaNdN

MNMIa A

A

A  

The above matrix relation implies 

( ) ( ) ( ) ( )NMbNMdNMcMNa 11211211 ++=  

( ) ( ),1111 AA IMNaMNIa −+  (3.18) 

( ) ( ) ( ) ( ).22211222 MNaMNdMNcNMb ++=   (3.19) 

Taking AIA =  in (3.15) leads to ( ) ( ) .2211 NIaINa AA =  So 11MNa  

( ) ( ) ( )MNIaNIMaI AAA 1122 ==  and hence (3.18) can be abbreviated 

to 

( ) ( ) ( ) ( ).11211211 NMbNMdNMcMNa ++=   (3.20) 

By (3.5), (3.7), and (3.12)-(3.20), the proof is complete.  

Proof of Theorem 3.1. Substitute Lemma 2.2 by Lemma 3.2 in 
Theorem 2.1, one can show that Theorem 3.1 is true and we leave it to the 
readers.   

Corollary 3.3. Let ( )BMAU ,,Tri=  be a triangular algebra and M  

be a faithful left A -module and a faithful right B -module. Suppose that 
for every element ,A∈A  there exists an integer n such that AnI −A  is 

invertible in .A  If L is a Lie derivable mapping at 0⊕AI  from U  into 

itself, ( ) ( )( ) ( ) ( )( ),, UBUA BA ZZZZ π=π=  then L can be expressed as 
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,h+δ  where δ  is a derivation on U  and ( )UU Zh →:  is a linear 

mapping, vanishing at commutators [ ]TS,  with .0⊕= AIST  
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